In this paper, we investigate complete curvature-adapted submanifolds with maximal flat section and trivial normal holonomy group in symmetric spaces of compact type or non-compact type under certain condition, and derive the constancy of the principal curvatures of such submanifolds. As its result, we can derive that such submanifolds are isoparametric.
Introduction
Let G/K be a symmetric space of compact type or non-compact type, and M a complete (embedded oriented) Riemannian submanifold in G/K. Denote by R the curvature tensor of G/K. Also, denote by T ⊥ x M the normal space of M at x(∈ M ), A the shape tensor of M , ∇ ⊥ the normal connection of M and exp ⊥ the normal exponential map of M . If, for each x ∈ M and each v ∈ T ⊥ x M , the normal Jacobi operator R(v) := R(·, v)v preserves T x M invariantly and R(v)| TxM commutes with A v , then M is said to be curvature-adapted. This notion was introduced by BerndtVanhecke ([3] ). Curvature-adapted hypersurfaces (in some cases with constant principal curvatures) in rank one symmetric spaces were studied by some geometers (see [1, 2, 5, 28] for example). If, for each x ∈ M , the normal umbrella Σ x := exp ⊥ (T ⊥ x M ) is totally geodesic, then M is called a submanifold with section. Furthermore, if, for each x ∈ M , the induced metric on Σ x is flat, then M is called a submanifold with flat section. Furthermore, if the codimension of M is equal to the rank of G/K, then we call M a submanifold with maximal flat section. Assume that M is a complete curvature-adapted submanifold with maximal flat section and trivial normal holonomy group. Then, since M has flat section, R(v)| TxM 's (v ∈ T ⊥ x M ) commute to one another for each x ∈ M . Hence they have the common eigenspace decomposition. It is shown that there exist the smooth distributions D R i (i = 1, · · · , m R ) on M such that, for each x ∈ M ,
i ) x holds and that this decomposition is the common eigenspace decomposition of R(v)| TxM 's (v ∈ T ⊥ x M ). Note that m R = max v∈T ⊥ x M ♯ Spec R(v), where x is an arbitrary point of M , Spec(·) is the spectrum of (·) and ♯(·) is the cardinal number of (·). Let π : M → M be the universal covering of M . Then there exist smooth sections α i of (π * T ⊥ M ) * such that, for each x ∈ M and each v ∈ T ⊥ π( x) M , R(v)| (D R i ) π( x) = ε((α i ) x (v)) 2 id, where π * T ⊥ M is the induced bundle of the normal bundle T ⊥ M by π, (π * T ⊥ M ) * is its dual bundle, id is the identity transformation of (D R i ) π( x) and ε = 1 (resp. ε = −1) in the case where G/K is of compact type (resp. of non-compact type). Note that each α i is unique up to the (±1)-multiple. Set R M := {±α 1 , · · · , ±α m R } and, for each x ∈ M , define a subset R x M of (T ⊥ x M ) * by
where x is an arbitrary point of π −1 (x). Note that R x M is independent of the choice of x ∈ π −1 (x). The system R x M gives a root system and that it is isomorphic to the (restricted) root system of the symmetric pair (G, K). Hence, if α, β ∈ R M and if β = F α for some F ∈ C ∞ (M ), then F = ±1 or ± 2. For convenience, we denote
where x is an arbitrary point of π −1 (x). On the other hand, since M has flat section and trivial normal holonomy group, it follows from the Ricci equation that A v 's (v ∈ T ⊥ x M ) commute to one another for each x ∈ M . Hence they have the common eigenspace decomposition. Set
x holds and that this decomposition is the common eigenspace decomposition of A v 's (v ∈ T ⊥ x M ). Also, there exist smooth sections
. In this paper, we first prove the following results.
Theorem A. Let M be a complete curvature-adapted submanifold with maximal flat section and trivial normal holonomy group in a symmetric space G/K of compact type or non-compact type. Then the following statements (i) and (ii) hold:
In 2006, Heintze-Liu-Olmos ( [10] ) defined the notion of an isoparametric submanifold in a general Riemannian manifold as a (properly embedded) complete submanifold M with section and trivial normal holonomy group satisfying the following condition:
(Is) Sufficiently close parallel submanifolds of M have constant mean curvature with respect to the radial direction.
In the sequel, we assume that all isoparametric submanifolds have flat section. Next we prove the following result.
Theorem B. Under the hypothesis of Theorem A, assume that, for each
Remark 1.1. (i) Principal orbits of a Hermann action H G/K with cohom H = rank G/K are curvature-adapted isoparametric submanifolds with maximal flat section and trivial normal holonomy group (see [8, 18] ).
(ii) Principal orbits of the isotropy action of any symmetric space of compact type (or non-compact type) satisfy the condition that, for each α ∈ R M , there exists λ ∈ A M with D R α ⊂ D A λ (see [8, Theorem 5.3] The notion of a non-Euclidean type focal point on the ideal boundary of G/K was introduced in [19] . See the next section about the definition of this notion. (ii) Let G/K be an irreducible symmetric space of non-compact type and rank greater than one, N the nilpotent part in the Iwasawa's decomposition G = KAN of G and M a principal orbit of the N -action on G/K. Assume that the multiplicity of each root of the (restricted) root system of the symmetric pair (G, K) is greater than one. Then M satisfies all the hypothesis of Theorem B (see [20] ) and it is real analytic. However it has a non-Euclidean type focal point on the ideal boundary of G/K. On the other hand, we can show that M does not occur as a principal orbit of a Hermann action on G/K. Thus, in Theorem D, is indispensable the condition that M has no non-Euclidean type focal point on the ideal boundary of G/K.
(iii) There exists a Hermann action on an irreducible symmetric space G/K of non-compact type and rank greater than one such that its principal orbits satisfy all the hypothesis in Theorem D but that it is not conjugate to the isotropy actions of G/K. For example, see Table 1 in Section 4 about all of such Hermann actions on irreducible rank two symmetric spaces of non-compact type.
Basic notions and facts
In this section, we shall recall the basic notions and facts in a symmetric space. See [7, or [30, Page 177] about the alebraic structure of a symmetric space and the Jacobi field on the space. We use the notations in Introduction. Let M be an embedded submanifold in a Riemannian manifold N . Denote by ∇, ∇ and A the Riemannian connection of M , that of N and the shape tensor of M , respectively. Take a unit normal vector v of M at x and denote by γ v the geodesic in N with
is the velocity vector of γ v at 0. If there exists an M -Jacobi field J along γ v satisfying J(0) = 0 and J(s 0 ) = 0, then the real number s 0 is called a focal radius along γ v . We consider the case where N is a symmetric space G/K. In this case, the strongly M -Jacobi field J along γ v with J(0) = X (hence
where ∇ ∂s is the covariant derivative along γ v with respect to ∇ and P γv| [0,s] is the parallel translation along γ v | [0,s] . In the case where M has flat section, any focal radius of M along γ v is given as a zero point of a strongly M -Jacobi field along γ v . Hence the set of all focal radii of M along γ v coincides with the zero point set of the real-valued function F v over R defined by
In 1995, Terng-Thorbergsson ( [32] ) defined the notion of an equifocal submanifold as a compact submanifold with flat section and trivial normal holonomy group satisfying the following condition:
(PF) M has parallel focal structure, that is, for any parallel normal vector field v of M , the focal radii along γ vx are independent of the choice of x ∈ M (with considering their multiplicities).
Let H be a closed subgroup of G. When a non-compact submanifold M in a symmetric space G/K of non-compact type deforms as its principal curvatures approach to zero, its focal set vanishes beyond the ideal boundary (G/K)(∞) of G/K. For example, when an open potion of a totally umbilic sphere in a hyperbolic space of constant curvature c(< 0) deforms as its principal curvatures approach to √ −c, its focal point approach to (G/K)(∞) and, when it furthermore deforms as its principal curvatures approach to a positive value smaller than √ −c, the focal point vanishes beyond (G/K)(∞). On the base of this fact, we recognized that, for a non-compact submanifold in a symmetric space of non-compact type, the parallelity of the focal structure is not an essential condition. So, in 2004, we [16] introduced the notion of a complex focal radius along the normal geodesic γ v of such a submanifold as a general notion of a focal radius along γ v . This notion was defined as the zero points of the complex-valued function
In the case where M is real analytic, we [17] showed that complex focal radii along γ v indicate the positions of focal points of the extrinsic complexification M C (֒→ G C /K C ) of M along the complexified geodesic γ C ι * v , where G C /K C is the anti-Kaehlerian symmetric space associated with G/K and ι is the natural immersion of G/K into G C /K C .
We ( [16] ) defined the notion of a complex equifocal submanifold as a (properly embedded) complete submanifold with flat section and trivial normal holonomy group satisfying the following condition:
(PCF) M has parallel complex focal structure, that is, for any parallel normal vector field v of M , the complex focal radii along γ vx are independent of the choice of x ∈ M (considering their multiplicities).
We should call this submanifold a equi-complex-focal submanifold but called a complex equifocal submanifold for simplicity. We ( [17] ) showed the following fact. Let G/K be a symmetric space of non-compact type and H a closed subgroup of G. The H-action on G/K is called a polar action if there exists a complete embedded submanifold Σ meeting all principal H-orbits orthogonally. Furthermore, if the induced metric on Σ is flat, then the H-action is called a hyperpolar action.
Note that a polar action (resp. a hyperpolar action) on a symmetric space of noncompact type was called a complex polar action (resp. complex hyperpolar action) in [17, 18, 20] . In [17] , it was proved that principal orbits of a hyperpolar action on G/K are complex equifocal and that any homogeneous submanifold with flat section in G/K is a principal orbit of a hyperpolar action. If there exists an involution σ of G with (Fix σ) 0 ⊂ H ⊂ Fix σ, then the H-action on G/K is called a Hermann type action. For simplicity, we call this action a Hermann action in this paper. It is easy to show that Hermann actions are hyperpolar.
At the end of this section, we recall the notion of a non-Euclidean type focal point on the ideal boundary of a Hadamard manifold introduced in [19] . Let N be a Hadamard manifold, N (∞) the ideal boundary of N and M a submanifold in N . Take 
Proofs of Theorems A, B and C
Let M be a complete curvature-adapted submanifold in G/K as in the statement of Theorem A. We shall use the notations in Introduction. Denote by ∇ and ∇ the Riemannian connections of M and G/K, respectively. In the sequel, for each α ∈ R M with 2α / ∈ R M , D R 2α implies the zero distribution. First we note that the following relations hold:
because M has maximal flat section. We shall prove Theorem A.
Proof of Theorem A. 
On the other hand, we have
where we use
Hence, by taking the inner product of (3.2) and (3.3) with Y , we obtain
Hence it follows from (3.1) that
From (3.4) and (3.5), we obtain
Take local unit sections Z i (i = 1, 2) of D R 2α defined over V . Then, in similar to (3.4), we can show
Also, it follows from (3.1) that
Hence we obtain (3.8)
From (3.6), (3.8) , the arbitrarinesses of X, Z 1 and V , it follows that α( v) 2 is constant over M . Next we shall show the statement (ii). Take
A which give an orthonormal system at each point of V , where we use
On the other hand, since ( X i ) x (i = 1, 2) belong to (D R α ) x and v x belongs to T ⊥ x M , it follows from (3.1) that
From (3.9) and (3.10), we have
The left-hand side of this relation belongs to (D A λ ) x but the right-hand side of this relation is orthogonal to (D A λ ) x . Hence, it follows that the left-hand side of (3.11) vanishes. Therefore, it follows from the linear independency of ( X 1 ) x and ( X 2 ) x that ( X 1 ) x (λ( v)) = 0. From the arbitrarinesses of x and X 1 , it follows that λ( v) is constant along any curve tangent to D R α ∩ D A λ . Furthermore, the statement (ii) of Theorem A follows from the arbitrariness of α, where we use the curvatureadaptedness of M .
q.e.d.
Next we shall prove the statement (i) of Theorem B.
Proof of (i) of Theorem B.
On the other hand, since M has flat section, we obtain (3.13)
It follows from (3.1) that
Also, since M has flat section, we have
From (3.12) − (3.16), we obtain
Therefore, from the arbitrariness of v, we obtain ∇ ( X 1 )x X 2 ∈ (D R α,2α ) x . Furthermore, from the arbitarinesses of X 1 , X 2 and x, it follows that
holds on V . Furthermore, it follows from the arbitrariness of
holds on U 0 A . Similarly we can show that
is totally geodesic, it is integrable. Denote by F α,2α
the foliation on U 0 A whose leaves are the integral manifolds of
, where exp x is the exponential map of G/K at x. In this step, we shall show that L α,2α x = Σ α x ∩U 0 A . Take x ∈ π −1 (x). Let K x be the isotropy subgroup of G at x and θ x an involution of G with (Fix θ x ) 0 ⊂ K x ⊂ Fix θ x , where Fix θ x is the fixed point group of θ x and (Fix θ x ) 0 is its identity component. Denote by the same symbol θ x the involution of g induced from θ x . Let g = k x + p x be the eigenspace decomposition of θ x . The subspace p x is identified with T x (G/K). It is easy to show that R(E x α , E x α )E x α ⊂ E x α , which implies that E x is a Lie triple system of g. Therefore Σ α x is totally geodesic in G/K (see P. 224 of [12] ). In case of 2α ∈ R M , Σ α x is a simply connected rank one symmetric space of two sectional curvatures εα x (ξ α x ) and 4εα x (ξ α x ). In case of 2α / ∈ R M , Σ α x is a real space form of constant curvature εα x (ξ α x ). It is clear that the tangent spaces of L is totally geodesic, L α,2α x is a totally geodesic submanifold in U 0 A . Let X 1 and X 2 be local tangent vector fields of Σ α
) is a hypersurface in Σ α x (resp. Σ α y ). We shall compare these hypersurfaces. Let ξ α be a unit normal vector field of M such that (ξ α ) z = ξ α z for any z ∈ M . According to (i) of Theorem A, α is parallel with respect to the normal connection of M . Hence so is also ξ α . According to the assumption,
that λ( w) =λ( w) = 0 for any parallel normal vector field w of M orthogonal to ξ α . On the other hand, since Σ α x is totally geodesic in G/K, the shape operator of the hypersurface L
is a curvature-adapted hypersurface in Σ α x . Also, it is clear that the hypersurface L α,2α x has at most two principal curvatures λ(ξ α ) andλ(ξ α ), and, furthermore, it follows from (ii) of Theorem A that they are constant along leaves of the corresponding eigendistributions. Since Σ α x is a rank one symmetric space and L α,2α x is a complete curvature adapted hypersurface with two distinct principal curvatures satisfying a special condition that the eigendistributions of the normal Jacobi operator coincide with those of the shape operator, this hypersurface L α,2α x has constant principal curvatures (see [14, 15, 26, 27] 
. Since α(ξ α ) 2 is constant over M , it follows that Σ α x and Σ α y are isometric to each other. Also, since F α,2α is a totally geodesic foliation, it follows from the result in [4] that the element of holonomy along any curve orthogonal to leaves of F α,2α consists of local isometries between the leaves. See [4] about the definition of an element of holonomy. Furthermore, since M is complete, the orthogonal complementary distribution of F α,2α is an Ehresmann connection for F α,2α in the sense of [4] and hence any two leaves of F α,2α is joined by a curve orthogonal to the leaves. Therefore it follows that L α,2α x and L α,2α y are locally isometric to each other. From these facts, we can derive λ x ((ξ α ) x ) = λ y ((ξ α ) y ). From the arbitrarinesses of x and y, λ(ξ α ) is constant over U 0 A . After all λ( v) is constant over U 0 A for any parallel normal vector field v of M . Furthermore, from this fact, U 0 A = M is derived directly. This completes the proof.
Next we shall prove the statements (ii) and (iii) of Theorem B.
Proof of (ii) and (iii) of Theorem B. The focal radii and the complex focal radii along the normal geodesic γ v of M are given as the zero points of the functions F v and F C v as in Section 2. Hence, it follows from the additional assumption in Theorem B that, in the case where G/K is of compact type, the set of all the focal radii along γ v is equal to
and, in the case where G/K is of non-compact type, the set of all the complex focal radii along γ v is equal to
Hence it follows from (i) of Theorem A and (i) of Theorem B that M has parallel focal structure (resp. complex equifocal) in the case where G/K is of compact type (resp. non-compact type). Therefore the statements (ii) and (iii) of Theorem B follow from Remark 2.1 and Fact 2.3. q.e.d. Next we shall prove Theorem C.
Proof of Theorem C. According to the proof of (ii) of Theorem B, M is equifocal. Hence, according to Fact 2.1, it follows from the additional conditions in Theorem C that M is a principal orbit of a Hermann action on G/K. Denote by H this Hermann action. Furthermore, it follows from the additional assumption in Theorem B that the H-action satisfies the condition △ ′ V + ∩ △ ′ H + = ∅, where △ ′ V + and △ ′ H + are the systems determined by the triple (H, G, K) as in [21] . Hence, according to Proposition 4.39 in [13] , the H-action is conjugate to the isotropy action of G/K. That is, M is congruent to a principal orbit of the isotropy action. q.e.d.
Finally we shall prove Theorem D.
Proof of Theorem D. According to (iii) of Theorem B, M is isoparametric. According to the result in [23] , it follows from this fact and the additional assumptions in Theorem D that M is a principal orbit of a Hermann action on G/K. q.e.d.
Examples
Let G/K be a symmetric space of non-compact type such that the multiplicity of each root of the (restricted) root system of the symmetric pair (G, K) is greater than one. Then the principal orbits of the isotropy actions of G/K are complete curvatureadapted submanifolds as in Theorem B. Also, the principal orbits of Hermann actions H G/K's (of cohomogeneity two) in Table 1 and their dual actions H d G d /K's are complete curvature-adapted submanifolds as in Theorem B (see [8, 18, 25] ), where G d /K is the compact dual of G/K. Note that the dual actions are conjugate to the isotropy actions of G d /K by Proposition 4.39 of [13] . The Hermann actions in Table 1 are all of Hermann actions on irreducible rank two symmetric spaces of noncompact type such that their principal orbits satisfy all the hypothesis in Theorem B and that they are not conjugate to the isotropy actions (see [21, 24] (M : a principal orbit of H G/K) 
